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WEIGHT  DISTRIBUTION  FORMULA  FOR  SOME  CUSS 
OF  CYCLIC  CODES 


Tadao  Kasami 


Abstract 


Let  h,(X)  and  h~(X)  be  different  irreducible  polynomials  such  that 

-2h-l  -1 

h^(a  )  -  0  for  some  h(0  <  h  <  m)  and  )  *  0,  a  being  a  primitive 

element  of  GF(2m) .  This  paper  presents  the  weight  distribution  formula  of 

_  2m.  1 

the  code  of  length  2  -1  generated  by  (X  -  1) /(h^  (X^^X))  for  any  m 
and  h.  Some  applications  to  the  cross-correlation  problem  between  two 


different  maximum  length  sequences  are  presented. 
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1.  Introduction 

W.  W.  Peterson  L 1 J  calculated  a  number  of  weight  distributions  for  3CH 
codes  of  lengths  63  to  1023  and  their  dual  codes  by  digital  computation. 

He  observed  that  some  BCH  codes  with  large  t  for  a  given  m  (5  <  m  <  10)  have 
a  very  simple  structure  of  weight  distribution.  The  result  presented  here 
is  a  theoretical  development  of  his  observation. 

Let  C  be  a  cyclic  code  of  length  2m-l.  The  extended  code  of  C  is  the 
code  with  an  overall  parity  check  added  to  C  as  the  first  digit,  The  first 
symbol  in  a  code  vector  is  numbered  0,  and  for  i  >  1  the  i-th  digit  is 
numbered  a*  ^ ,  a  being  a  primitive  element  of  GF(2m) .  Now  for  a 0)  and 
beGF(2m)  and  for  a  code  vector  v  of  the  extended  code,  permute  the  symbol 
in  position  X  to  position  aX  +  b.  Then,  the  resulting  vector  is  denoted  by 
tt^v.  W.  W.  Peterson  [l]  proved  that  the  extended  codes  of  BCH  codes  are 
invariant  under  doubly  transitive  group  of  permutations  tt  =  {tt  |a(^0), 

3  D 

b€GF(2m)}.  This  paper  presents  the  weight  distribution  formula  for  a  class 
of  cyclic  codes  of  length  2m-l  whose  extended  codes  are  invariant  under  tt. 

Let  g^(X)  ane  ».,(X)  be  different  irreducible  polynomials  such  that 
2h+l 

(1)  g^(a  )  =  0  for  some  h  (0  <  h  <  m)  , 

(2)  g2(a)  -  0 

The  degree  of  g^(X)  is  a  factor  m*  of  m  and  the  degree  of  g2(X)  is  m.  Let 

hjCX)  -  X^gjCX-1),  h2(X)  -  Xng2(x’1)  . 

Let  CQ ,  C  and  C'  denote  binary  cyclic  codes  with  length  2m-l  generated  by 
g1(X)g2(X),(X  -l)/(h1(X)h2(X))  and  (X*  '  - 1) /L  (X- 1)  h  x  (X)  h2  (X)  ]  respectively. 

Then  C  is  the  dual  code  of  C  and  a  subcode  of  C'.  If  h  ■  1,  then  C  is  a 
double  error  correcting  BCH  code,  and  if  m  is  odd  and  h  ■  (ro-l)/2,  then  C  is 
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a  BCH  code  with  the  second  largest  t  for  given  m. 

In  what  follows,  the  weight  distribution  formula  of  code  C  for  any  m 
and  h  will  be  derived.  This  problem  is  closely  related  to  the  cross- 
correlation  problem  between  two  different  maximum  length  sequences.  Some 
applications  to  the  problem  will  be  presented  in  section  6. 
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The  following  well-known  lemmas  will  be  used  later. 

Lemma  2:  Let  u(jf)  denote  the  smallest  positive  integer  u  such  that 
2U  !  1  (mod  i) .  Then,  2U  *  1  (mod  i)  if  and  only  if  u*  »  0  (mod  u(£)) . 
Let  (i,V)  denote  the  greatest  common  divisor  of  1  and  l% . 

Corollary  3:  Let  u  =  (u^^).  Then, 

ui  uo 

2  -1  =  (2  -1,2  -1)  . 

Lemma  4:  2U+1  (or  2U-1)  is  divisible  by  2U  +1,  if  and  only  if  u  is 

divisible  by  u*  and  u/u'  is  odd  (or  even) . 

Let  c ■  =  (m,h) ,  c  =  (m.2h)  and  v  =  (2m- 1 , 2h+l) .  By  Corollary  3, 

2C'-L  *  (2m-l,2h-l),  (4) 

2C-1  =  (2m-l,22h-l)  .  (5) 

Since  (2h-»-l , 2h- 1)  =  1, 

(2m-l,22h-l)  =  (2m-l,2h+l) (2m-l,2h-l) . 

Thus , 

(2C-l)/v  .  2C‘-1. 


Bv  definition,  c  *  c'  or  2c*.  Therefore,  we  have: 

Lemma  5 .  If  c  *  c’ ,  then  v  «  1.  Otherwise, 

c  *  c/2 

v  -  2  +1  -  2 '  +1.  (6) 

The  next  lemma  is  due  to  Pless  i3*1. 

Lemma  ft:  Let  a^  and  b^  den ’te  the  number  of  code  vectors  of  weight  j 
in  a  code  A  an..1  ,  mber  of  code  vectors  of  weight  j  in  the  dual  code  of  A 
respectively.  If  bj  ■  *  0,  then  the  following  power  moment  identities 


hold : 
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z3j  -  2k 

Zj  a  ■  2  n 

_.2  .k-2  .  .. 

Zj  a^  m  2  n(n+l) 

-.3  0k-3.  3  .  2n  ,lok-3. 

Ij  a,  a  2  (n  +3n  )  -  312 

4  k-4  4  3  2  k-4  k-4 

Zj  a.  -  2  (n  +6nJ+3n  -2n)  -  4! 2  nb3  +  4', 2  b^, 

where  k  denotes  the  number  of  information  digits. 

Let  Cj  and  denote  binary  cyclic  codes  with  length  2m-l  generated 
2m- 1  2m-l 

by  (X  *  1) /h^(X)  and  (X  -lj/h^X)  respectively.  Codes  and  are 
subcodes  of  C  and  C  .  If  the  degree  of  g^(X)  is  tn,  then  the  roots  of 
h^X)  ■  X  g^(X  S  are: 

-(2h+l)  2m-2h-2  -2(2h+l)  2®-2h+1-2-l 

a  *  a  ,  a  »  a 

-2"-h-'(2hTl)  -2(m'h) <2h+l)  2”-2”'h-2 

ci  *  <1  i  o  m  a  > 

-2m*1( 2h+l)  2m’1-2h“1-l 

«  •  y  OL  *  Of  • 

There  is  no  i  (0  <  i  <  2m  *)  with  h^(aS  “  0  except  for 

.  0nj-l  m-h-1  . 
il  "  2  -2  -1 
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there  is  no  1  (0  <  i  <  2  )  with  h^(a^)  ■  0  except  for 

.m-1  „m' - 1 


.  ~  m  x  .1 

i1  -  2  -2 


-1. 


The  roots  of  h2(X)  are  a"1  -  a2  “2,a"2 


2m-3 


•  .a 


-2 


m*  1 


As  It  is  done  above,  here  we  let 


Let  XrX2 
en. 


,Xw  be  the  location  numbers  of  code  vector  v(x)  of  C'  . 
w 

v(al)  «  £  X,1  ,  0  <  i  <  2m-l 

f«l  r 


For  any  8QeGFv2),  any  8^eGF(2m  )  and  any  6 26GF(2m) ,  there  exists  a  unique 

^  J  . 

code  vector  v(x)  of  C'  such  that  v(l)  -  Bq,  v(a  l)  -  and  v(a  2)  -  G2 
(Mattson,  Solomon  L5"1).  Let  v(G^,Bj ,B2 ;x)  denote  the  code  vector  specified 
by  and  &2’  definition, 

i 

x  v(Bo,B1,82;x)  -  v(Bo,o  ^.a  ^x) 

If  and  only  if  6q  «  0,  v(Bq,B1  ,B2;x)cC.  If  and  only  if  Bq  -  Bj  •  0  (or 

8o“  fi2  *  0)’  C^en  v^o,8l  »®2’x^*^2  ^0r  *  The  cyclic  permutat  ions  on 

code  word  symbols  induce  a  permutation  group  on  the  code  vectors  of  C' , 
which  divides  C-C^  into  disjoint  sets  of  transitivity.  Since  v  -  (ij,2m-l), 
each  set  consists  of  (2-1) /v  code  vectors.  In  case  of  m'  ■  m,  let 
v(0,a  ,B2,x)  (0  <  i  <  v,  62«GF(2m))  represent  each  set.  In  case  of  m'  •  m/2, 
let  vtO.l.S^iX)  represent  each  set. 


A  polynomial  representation  will  be  used  for  a  c o^e  vector  '<*]. 


Now,  consider  the  extended  code  C  of  code  C* .  Let  v{8  ,8, ,B„) 

ex  o  1  2 
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denote  the  vector  with  an  overall  parity  check  added  to  v(6q,Gj  jfijjx)  as 
the  first  digit.  By  definition  Cgx  *  { v(Go>Sj  ,3^)  I  v(8q  ;x)  €C’  }  . 

Let  X,,X^,  .  ,X  he  the  location  numbers  of  Wft  P  .H  )  and  let 


w 

S.  -  E  X, 

1  r  ,  f 

f*  1 


i 


m 


0  <  i  <  2  -1 


(7) 


lben,  bv  definition 


Sij  =  61  ’ 


S  3  , 

2 


S  =  o  (i  \  il2lA22l  (mod  2m-l),  0  <  l  <  m) 


(8) 

(9) 


I  he  l  efore. 


u-1 


Si  '  0  (i  1  il,1'l  »  1  5  1  <  2  "0 


(10) 


By  Lemma  1,  ~jbv(k0 »8  ^  .G^)  *cex  for  any  8«GF(2  )  .  Let 


~ibv<WB2>  .  v(b;i.b;,bj) 


(ii) 


The  weights  of  v(G  .ft  ,G  )  and  v(fi' .8' ,8')  are  the  same. 

o  1  l  o  i  2 


By  the  definition 


of 


lb* 


i 


B*  -  E  (Xf*b) 
f-i 


ft’  «  E  (Xr+b) 
^  f-  i  1 


i 


w  *  *  i  i  *  1 

»t  ‘  1  I  (t  )  X  b 
f«l  i«0 


i.-i  1 i  i 


1  ‘r1 

z  (  S  5  b 

i«0  *  1 


Hence 
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From  (8)  and  (10) , 


6!  =  I?, 

1  i 


1-  9m- 1  *  ^  2^"^  ^  i 

Note  that  (X  +b)  =  (Xf+b)  “  =  (Xf  +b  )/(Xf+b)  -  Xf  + 

-m-1  -m-1  . 

Xf  t  ...  +  b  "  .  Then, 

w  2m'1-l  .  .m-1  .  2m_1-l  0m-l 

6-  =  I  Z  x/b2  =  2  S.b"  'i_1  (13) 

f«l  i-0  i=0 

h  2h 

Consider  the  case  of  m'  «  m.  Since  i*  =  2  i.  (mod  2  -1) ,  S.,  *  S.  .  From 

J.  1.  X  _  1  _ 


1  1 


(8),  (9),  (10)  and  (13), 


m-1  1  .  h  m-1  ,  m-h-1 

62  =  6lb  Ll+  b  1  +  B2  =  l^b 


-h  h-1 

+  BJ  b2  +  B2  • 


For  the  case  of  m!  =  m/2,  it  follows  from  (8),  (9),  (10)  and  (13)  that 


(^2  =  Sxb‘  +  G2  . 


Hereafter  we  shall  consider  the  case  of  m'  =  m  except  for  section  5. 

i  2m"h~ 1  i2b  2h~1  m 

For  each  i  (0  <  i  <  v)  ,  V,  =  la  b  +  a1  b  |beGF(2  ')}  forms  a 

subspace  of  GF(2  )  .  Let 

.  2m_h" 1  -2h  2h_1 

F.(X)  =  o^X  +  a  X 

_h-l  h-1  m-2h  .  h  . 

=  <*‘x2  (X2  (2  -1>+al(2_1)) 


If  i  *  0,  the  order  of  a  nonzero  root  in  GF(2m)  of  F^(X)  is  a  factor  of 
2rn‘2h-l*  Since  c  =  (m,2h)  =  (m,m-2h)  ,  2C-1  =  (2m- 1 , 2m"2h- 1)  .  This  implies 
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that  the  rocts  in  GF(2m)  of  Fq(X)  are  in  subfield  GF(2C) .  Conversely,  any 

element  in  this  subfield  is  a  root  of  Fq(X) .  Hence,  the  dimension  of  Vq  is 

m  e.  Let  Vnft  ,  Vrt. ,Vn«, . . . ,V  be  the  cosets  of  GF(2m)  with  respect 

UU  u  ui  Uz  Q2C 

to  Vq.  Each  coset  has  2™  C  elements. 

For  i  ^  0,  assume  that  a"*  is  a  root  of  F^(X).  Then, 

2h  i(2m"2h-1)  j  =  i(2h-l)  (mod  2m-l) 

(l-22h)j  =  i2h+1(2h-l>  (mod  2™-!) 


oh  •  -  -ih+l 
(2  +l)j  =  i2 


ra 


(mod  2  -1) 


Since  v  divides  both  2^+1  and  2m- 1 .  v  must  divide  i.  However,  0  <  i  <  v. 
Therefore,  there  is  no  root  in  GF(2m)  of  (X)  except  for  zero.  Consequently, 

jfci,  jfci, 


__ 

V  =  GF‘v2  ) 


Let  BQ.  =  {(a  l,a  2B'>  1 0  <  l  <  2m-l  ,  BeVg.}  (0  <  j  <  2C-1)  and 


Bi  =  { 


i+jfci 


KCL 


1 ,8)  1 0  -  JK  2n'-i,  BeGF(2m) }  (0  <  i  <  v)  .  Then, 
I  BQ  .  |  =  (2m-l)2rr'C/v  (0  <  j  <  2C)  , 


B.|  ,  (2m-l)2m/v 


(0  <  i  <  v)  . 


(16) 

(17) 


It  follows  from  the  definition  of  Bq^  or  that  for  any  (8^,82)  and 

in  the  same  Bq^  or  and  for  any  l3QeGF(2)  ,  there  exists  permutation 
b  such  that  nabv(Go,81  ,B2)  =  v(B^,l3^,Bp  and  8^eGF(2)  .  Therefore, 
v(Go> and  v^.B^Bp  have  the  same  weight  w.  If  8^  (or  6^)  is  zero, 


rr 


B  means  the  number  of  elements  of  B. 
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then  vCO.B^.Bjjx)  (or  v(0,B^,B2;x))  has  weight  w.  If  Bq  (or  B^)  is  one, 

then  vO.B^.Bjjx)  (or  v(l,B^,8£;x))  has  weight  w-1  by  definition.  Since 

C*  contains  all  one  vector  e  «  (1,1,..., 1)  and  e(a  )  =  2  a  »C(a)  -1 ]/ 

f«0 

(a  -1)  «  0  (0  <  i  <  2ra-l)  , 


v(l,B1,B2;x)  *  v(0,61,B2;x)  +  e(x) . 

Hence,  if  Bq  (or  B^)  is  one,  then  v(0,B^,B2;x)  (or  v^.B^BJlx))  has 


weight  2  -w.  Therefore,  we  have  Lemma  8. 

Lemma  8;  For  each  j  (or  i)  (0  <  j  <  2  ,  0  <  i  <  v) ,  there  is  wq^  (or 

wp  such  that  for  any  cBq^.  (or  B.)  the  weight  of  v(0,Bj,B2;x)  is 

either  w~ .  (or  w.)  or  2m-w_ .  (or  2m-w,). 

Oj  x  v  0j  i 


3.  Case  I: 


(m,h)  =  (m,2h) 


Hereafter  a  will  denote  the  number  of  code  vectors  of  weight  w  in  C 
w 

and  b  will  denote  the  number  of  code  vectors  of  weight  w  in  C  . 
w  o 

Lemma  9:  For  <  en  w, 

.m 


wa  =  (2  -w)a  , 
w  0m 

2  -w 


,  .  _  IT)  .  . 

wb  =  (2  -w;  b 
w  ,,m 

2  -w 


This  lemma  follows  from  a  theorem  due  to  Peterson  [l]  and  Lemma  1. 
Consequently,  if  the  values  of  w^'s  (0  <  j  <  2  )  and  w^'s  (0  <  i  <  v)  are 
known,  the  weight  distribution  of  C-C2  is  completely  determined.  Further¬ 
more,  any  nonzero  vector  of  C2  has  weight  2m  \  because  C2  is  a  maximum 
length  sequence  code. 

Lemma  10:  bj.  =  b2  =  0,  b3  =  (2° '  “ l- 1)  (2m- 1)  /3 . 
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Proof :  Since  Cq  is  a  subcode  of  Hamming  code, 

bi  a  bj  ■  0, 

•*1  ^2  ^3 

Assume  that  a  ,  a  and  a  are  the  location  numbers  of  a  code  vector  of 
weight  3  in  Cq.  Then, 


J1  J2  J3 
a  +  a  =  a 

j1(2h+l)  j2(2h+l)  j3(2h+l) 

a  +  a  =  a 


(18) 

(19) 


From  (18) , 


j3(2  +1)  J  J2  2h+l  jl2  j22  jl  j2. 
a  -  (a  +a  )  =  (a  +a  )  (a  ) 

j1(2h+l)  jx2h  j2  jx  j22h  j2(2h+l) 
=  a  +  a  a  +  a  a  +  a 


By  combining  with  (19) , 


j/  j2  Jj  j22h 
a  a  +  a  a  =  0, 


(J1-J2)(2  -1) 

a  =  1  . 


(20) 


Thus , 


ra 


(j1“J2)(2  -1)  =  0  (mod  2  -1)  . 


If  c'  =  (m,h)  =  1,  then  (2^-1, 2m-l)  =  1.  Therefore 


Jl  «  J2  • 


This  is  a  contradiction,  which  leads  to  the  conclusion  that  b^  ■  0.  If 
c'  \  1,  then  (2m-l,2h-l)  *  2C-1.  Let 


H  -  (2m-l)/(2C-l)  . 


(21) 
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Then, 


j 1  s  j 2  (mod  • 

i i M-  IjM- 

Let  and  j2  ■  (0  <  t  <  u)  .  Since  a  +  a  *  a  for 

some  j^i  it  follows  from  (18)  that  =  i^W-i.  Conversely,  for  any  i 
(0  <  i  <  M-)  and  for  and  4^  such  that 


J&jM-  4^ 

a  +  a  =  a 


0  ^  ^  ~ i  > 


(22) 

(23) 


4^10+i  X2W-i  i^+i 

t  ,  a  ,  and  a 


satisfy  (18)  and  (19) .  The  number  of  unordered 


2C  -1% 


triplets  (X^ , J^2 » ^3) ' s  satisfying  (22)  and  (23)  is  equal  to  (  2  )/3. 

Consequently, 


c 

b3  =  H  (  2  2*1)/3  =  (2m-l)(2C,‘1-l)/3. 


Q.E.D. 


Lemma  11:  Let  I„  and  I,  denote  £  (i-2m  S^a.  and  £  (j-2m  1)^a. 

j+o  J  j4o  J 

respectively.  Then, 


I2  *  22m"2(2m-l)  , 

I4  =  23m+c'-4(2”-l)  . 

Proof;  Note  that  k  =  2m.  By  using  the  power  moment  identities  of 


r  n  «2  0m  «  ,  -j2tn-2  ^ 

I  -  £  j  a  -  2  £  ja  +  2  £  a 

1  J  J  jfO  J 

„2m-2  ,  .v  03m-l  ,2m-2/02m 

»  2  n(n+l)  -  2  n  +  2  (2-1) 


(2m-l)  (23m’2-23m’1+23tn’2+22m“2) 


(2m- 1)  22m'2 


Lemma  6 , 


12 


t  —  v  ri  >3  i  o  o2tn“l  _  ,2  «3m-l  **  . 

lU  *  L  j  ai  ■  2  “  J  +  3-2  2  j  a.  -  2  2  ja 


J 


.1 


j 


+  24”'4  E  a. 
j+0  J 


„2m-4  432  3m- 2  3  2 

«  2  (n  +6n  +3n^-2n)  -  2Jm  ^(n  +3n2) 

+  3-24m‘3n(n+l)  -  25m_2n  +  24m'4(22m-l) 

+  3(23m“1-22m_1n)b3  +  3-22m“2b4 

=  n{  22m~4[  (n+1)  3+3  (n+1)  (n- 1)  ]  -  23m"2[(n+l)2  + 
n-1]  +  3 •  24m”3(n+l)  -  25m"2  4  24m-4(2m+l)} 

+  3-22m_1(b3+b4) 

_  n{25m"4-25m'2+3'25m"3-25m*2+25m'4 
4  3*23m'4(2m-2)  -  23m"2(2m- 2)  +  24m“4} 

+  3-22m'1(b3+b4) 

-  (2m-l)23m'3  4  3-22m'1(b34b4) 


(24) 


Since  all  one  vector  (1,1,. ..,1)  is  in  C 

o 


By  Lemmas  9  and  10, 
b3+b4 


b  4  b,  «  2m“2b 
2m-4  4  2m-4 


2m-2(2c'-l_1)(2m_1)/3  . 


(25) 


By  substituting  the  right  hand  side  of  (25)  into  (24) , 


I4  •  (2m- 1)  2^ro^c' 


Q.E.D. 


Let  j  be  the  smallest  nonzero  integer  such  that 


a  +  a 

2m- j 


^  0  . 


M 


By  the  definition  of  I2  and  1^, 


UM-2”‘V  2  h'h  ’  2'nc''2 


(26) 


Consider  the  case  where  c  =  c' .  Then,  v  -  1  by  Lemma  5.  Since  all  nonzero 
vectors  in  Q.  are  of  weight  2m  *,  it:  follows  from  Lemma  8  and  (16)  that 


a.  +  a  (j  4  0>  2m  S  must  be  divisible  by  2m  C  (2m-l)  *  2m  C(2m-1). 

j  2m_  j 

Therefore,  from  (26) 


i-r  f 


,m-L  2 


2m- 2 ,  ,m 


I?  >  Um-2  )  (a  +a  )>  2  (2  -l) 

2  M  JM  2m-j 

JM 


.27) 


By  Lemma  11  and  (27)  , 


Consequently, 


I,  *  2Ca  +a  )  -  22,"'2'2m-l) 

2  •)„ 


. .  ,»*U  _  ro+cf-2  _  .mtc  -  2 

)  ~  *■  1 


a  +  a 
JM  2m*j 


2m’C(2m-  1) 


M 


aj  -  0  (j  4  o,  jM,  2m‘l,  2m-jM). 


(28) 

(29) 


Hence, 
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1  a  2m“l  «(nH-c)  / 2  - 1 

JM 


a  ,  -  22"-l  -  (a,  +a  ) 

2n"1  2m-j„ 

M 


(2m-2m‘C+l)  (2m-l) 


By  Lemma  9,  (29)  and  (30), 


a,  .  (2m-c-1+2("'-t:)/2'S(2"-l) 


(30) 


a  -  (2 

2m-i 


m-c-l_2(m-c)  /2-l^  (2m-l) 


Thus,  we  have  the  following  theorem. 

Theorem  1;  If  (m,h)  *  (m,2h)  =  c,  then 


ao  "  1 


‘2m-l_2(m+c)/2-l 


(2®*C’l+2(,t"C^/2*S(2“-l) 


,m- 1 


(2m-2m'C+l)  (2m-l) 


a  i  •  w,  ,  *  (2m’c”1-2(ra"c)/2'1)(2m-l) 
^-l^inw-c) /2-1 


a 


3 


*  0 


for  other  j. 


4_ _ Case  II:  2(m,h)  «■  (m,2h)  ^  m 

j  * 

Consider  the  case  in  which  2(m,h)  «  (m,2h).  Then,  v  ■  2  +1  by 

Lemma  5.  Since  v(0,8p0,x)  is  in  Cp  Wqq  «  w^.w^ , . . . ,w^  ^  can  be  found 

from  the  weight  distribution  of  C^.  Each  code  vector  of  is  a  v 

concatenation  oi  a  code  vector  in  cyclic  code  of  length  (2m-l)/v  which 

(2ro*  1)  /v 

is  generated  by  (X  -l)/h^(X).  Let  v'(8;x)  denote  a  code  vector  v’ (x) 
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A  l 

in  such  that  v' (a  )  *  8.  With  the  same  argument  as  the  one  of  section  3, 
set  -  {v(ai+iV;x)  |0  <  i  <  (2m-l)/v}  (0  <  i  <  v)  consists  of  (2m-l)/v 
vectors  of  the  same  weight  w^.  Since  v(0,6,0;x)  =  (v* (B ;x)  , 

v* (8 j 30  , . . . , v* (8 ;x) )  ,  w  can  be  given  by  the  following  equation: 

- - - ^  1 

v 

Wi  "  vw[  *  (0  < i  <  v) 


Therefore,  by  applying  Lemma  6  to  code  C^,  we  have 


(2(n-l)A>V£  w  /v  -  2m’'1(2m-l)/v  , 
i«=0 

(2m-l)/v  £  (w./v)2  *  2m‘2(2m-l)(2m-l-l-v)/v2 

i-0  1 


Thus , 


i 


v2 


m-  1 


v-1 
Z  w 
i*0 

Z  w.2  *  v2m'2(2m-l^v) 
i-0  1 


v21,’2(2nV2C’) 


(3D 


(32) 


Therefore, 


,  „m- 1.  2  „m-2 ,_m  ,  .  ..m- 1  _2m-2 

£  (w  -2  )  »  v2  (2  -1+v)  -2  v2  +2  v 

i*0 

*  v2  (v-1)  »  v2 


1 33) 


On  the  other  hand,  it  follows  from  Lemma  8,  (16),  (17)  and  the  oefinition 


of  I2  that 


l2  “  *20  +  *21’ 


2C-1 


I  .  .  2"’CU”-1)  t  <w0  -2"‘l)2/v. 

j«  1  J 


(3A| 


v-1 


.  2ro‘c(2W*l)(w0-2W*l)2/v  +  2m(2W*l)  E  (w  *2B‘l)2/v. 
u  i-1  1 
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By  Lemma  11  and  (33), 


I,  -  22"'2(2m-l) 


>I2l-2 


By  a  simple  calculation, 


2n>+c'  -2 


(35) 


(2"-l)  -  (2m-l)(2m-2”'c)  (w0-2”'1)2/v. 


1\  2  ^  „2ra-2. 


(w0"2  V  >  2  ro"^(2c  -l)v/(2n,-2m"C> 

,rofc-2 


-  2 


(by  (6)). 


Hence, 


.  2"*1±  (2(»«-c)/2-1  +  S)>  {> 


(36) 


Now,  by  (31)  and  (32) 

v-1 


T’  »  E  (w  -(2™"1  +  2m^2_1))2 
i-0  1 

-  v2n,*2(2m-l+v)-2(2m" *+2o/2"  1)v2a"V(2m"^P2m/2"l)2v 

»  v{  22fr"2+2rof c ’  *2.22m* V23m/2*  1+22m’2+23n,/2‘  +2m'2} 

-  2m’2(2C'+l)2 


(37) 


On  the  other  hand, 

Ij  >  (w0-(2"'V2"'/2'1))2  .  [2»-li(2(">«)/2-l+6).;!-l±2m/2-l]2 

•  2”'2(2c,+1+«21'“/2)2 
From  (35) ,  (36) ,  and  (37) ,  we  have  that 


(38) 


6-0 

i 

w0  -  2 

t  2 

_o- 1 

...  _i 

*1  -  2 

?  2 

(0  <  i  <  v) 


(39) 

(40) 
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Since  w^  (0  <  i  <  v)  is  divisible  by  v,  the  +  sign  is  determined  by  Lemma  4. 
Thus,  we  have: 

Theorem  2:  Let  a’^denote  the  number  of  code  vectors  of  weight  j  in  C|. 
If  m/c  is  odd  (or  even) ,  then 


*0  •  1 


•;»-l+2»/2-I  a;»-l.2./2-l)  ■  2C/2C2m-l>/<2C/2-l> 

a^  »  0  for  other  j. 


From  (35)  and  (39)  it  follows  that 


!2i  -  22mfC'’2(2m-l)  -  (2m-l)(2I8-2m“C)2:,M'C'2/v 


22m"2(2®-l)(2c'.(2c.1)/v) 


-  22ra‘2(2m-l) 


(bv  05)) 


By  (34)  , 


2C-1 


Uq  -  (2®-l)2m’C/v  Z  (w  -2ra“l)2-0 

j-1  J 


Hence, 


“oj  *  2  (i  ;  j  -  * >• 


(41) 


By  (lb),  (17),  Lemma  8,  (39),  (40)  and  (41),  we  have: 

>1.^/2-.  *  VI-I  ’  <2"")2'*M/2/(2c/V.) 


a  .  -  (2M*l)2®‘C(2c*l)/(2c/2+l)  +  2®-t 
2 
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#  A^)  nm-C  <  /  aC/2 

!2m-l_2(nH-c)/2-l  +  a2ra-l+2(tr»fc)/2-l  “  (2  '1)2  /(2  +1) 


Thus,  Che  next  theorem  follows  from  Lemma  9. 

Theorem  3:  If  2(m,h)  ■  (m,2h)  »  c  and  c  ^  m,  then 


a0  "  1 


1  (rofc)  /2-1  "  (2ffl-D(2(ra'c)/2+l)2(ra'c)/2“1/(2c/2+l) 


2m  ‘-2 


a  m-1  m/2  “  (2ffi-l)(2m/2+l)2(BH'c)/2'l/(2c/2+l) 

2  -2 

a  B.l  -  (2m-l)((2c/2-l)2ID'C+l) 


a2m-l  2ra/2"  (2m-l)(2lD/2-l)2(mfc)/2“1/(2c/2+l) 

-I  ,<Wc>/2-l  *  (2’-1)(2<-c)/J-1)2<'-‘>/2-1/(2c/J+1) 


2  +2' 


a^  «  0  for  other  j. 


Case  III;  2(m,h)  »  (m,2h)  ■  a 

Consider  the  case  of  ra  ■  2h.  For  any  4  0,  B2  in  CF(2*^,  there 
exists  bcCF(2m)  such  that 

2h *l 

♦  B2  -  0  , 

because  (2h**,2*-l)  -  1.  From  (15)  and  a  similar  argument  to  the  one  for 
the  case  of  m  ■  m* ,  it  follows  that  there  exists  w  such  that  the  weight  of 

A 

any  code  vector  in  C-C,  is  either  w  or  2  -w.  Since  C! ,  the  cyclic  code  of 
m/2  2^2-l 

length  2  7  -1  generated  by  (X^  -l)/g,(X),  i*  a  maximum  length  sequence 


code,  Cj  consists  of  one  aero  vector  and  2”' ‘‘-l  vectors  of  weight  2 
(2m^2+l).  Therefore, 


m/2- 1 
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u  -  (2m/2+l)2"/2-1. 


.*  m 


On  the  other  hand,  C2  is  a  maximum  length  sequence  code  of  length  2-1, 


Hence, 


„m  , 

a  .  =2-1  . 
2m"  1 


According  to  Lemma  9,  we  have: 

Theorem  4:  If  m  =  2h,  then 


a0  =  1 


a2™-l.2m/2-l  “  (2m/2'l)  (2m~1+2ra/2*1) 


a  =  2U1-1 
2ra"  1 

a2m-l+2»,/2-l  *  (2  ’1)(2  -2  5 


a .  =  0  for  other  i . 

J 


6.  Crosscorrelation  Functions  of  Two  Maximum  Length  Sequences 

2h+l 

It  follows  from  Lemma  5  that  a  is  a  primitive  element  if  and  only 

if  c  =  c* .  Assume  that  c  =  c* .  Let 

„m  „ 

2-2  ^ 

v(0 , 1 ,0  ;x)  =  I  v  x 
f-0 

2m-2 

v  (0  , 0 , 1 ;  x)  =  S  v  x  . 
f-0 


are  maximum 


Then’  V1  -  v10'vll'"-'v12m_2  and  v2  *  v20’v21 . v22m.2 

length  sequences  of  length  2m-l.  I>:  v^  and  replace  0  by  -1.  Let 


‘1  10’  11: 


m  and  u„  =  uon,u  ,...,u  be  the  resulting 

12  -l  l  2U  21  22m-2 
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sequences  of  real  numbers  1  and  -1.  Correlation  function  0(j) 
is  defined  by 


6(j) 


2  -2 

£ 

f=0 


UlfU2f-j 


> 


of  u^  and  u2 


where  suffix  f  -  j  is  to  be  taken  mod  2m-l.  Note  that 

v(0, l,0;x)  +  xJv(0,0, l;x)  =  v(0,l,a  ;x)  . 

ji2 

If  v(0,l,a  ;x)  has  weight  w,  then 


0(j)  =  2m-l-2w  . 


(42) 


Let  denote  the  number  of  j ' s  (0  <  j  <  2m-l)  with  0(j)  =  i.  Then,  s^  is 
the  number  of  vectors  v(0,l,8;x)  with  weight  (2m-l-i)/2.  From  sections  2 
and  3,  we  have  theorem  5. 

Theorem  5: 

s  *  2m-c-l  (m-c)/2-l 

S_2(nH-c)/2_1  2  2 

s_x  «  2m-2m"C  , 


m-c-1  (m-c)/2-l  , 

S2(ttH-c)/2_1  ~  + 


s.  =  0  for  other  i. 

l 

For  0  <  j  <  2m- 1 ,  let 

0  =  1  if  0(j)  =  -2(n>fc)  /2-l  or  2(mfc)/2-l  , 

0.-0  if  9(j)  =  -1. 

J 

Sequence  0  *  0_,0,,...,0  will  be  called  the  correlation  sequence  of 
0  1  2m-2 

and  u2«  We  shall  characterize  the  correlation  sequence  below.  Recall  that 


vo  ■  voo  -  (b 


_m-h-l  „h- 1 
2  +  b2  |  b€GF(2m) } 


Since  (2h'1,2m-l)  *  1, 

«m-2h 

VQ0  =  {b^  +  b| beGF(2  ) } 

Since  (m-2h,m)  =  c,  the  Galois  group  of  GF(2m)  over  GF(2C)  is  generated  by 

2m-2h 

the  automorphism  X  "*  X  (by  Theorem  9,  p.  127  of  [6]).  Therefore,  from 

the  trace  theorem  (p.  121  of  [6])  it  follows  that 

VQ0  =  {b|a(b)  =  0,  beGF(2m) }  , 

where  cr(b)  denotes  the  trace  of  b  in  GF(2m)  over  GF(2C)  ,  and 

2c  „2c  .m-c 

a(b)  =  b  +  b*  +  bz  +  ...  +  bz 

c 

Hence,  any  element  of  each  coset  Vq^  has  the  same  trace  t^eGF(2  ) ,  and  if 

j  \  j'»  ti  4  t  ,  . 

2  2  2  2 
Note  that  v  (O.B^B^x)  =  v(0,B^,B2;x  )  *  v(0,8^  ,8 2  ;x)eC  and  that 

2 

v(0,B1>82;x)  and  v(0,6^,62;x  )  have  the  same  weight.  Consequently,  if 
2 

t.,  =  t.  ,  then  w..  . ,  =  w_  . .  From  the  proof  of  Theorem  1  it  follows  that 
j'  J  0]'  Oj 


there  is  only  one  such  that 


m-1  (m+c)  / 2— 1 

% 


0m-l  •  v  . 

w0j  =  2  -  j  *  Jo  • 


Since  t.  =  t.  ,t.  »  0  or  1.  Since  C,  is  a  maximum  length  sequence 

J0  J0  J0  1 

code,  wnn  must  be  2m~^.  Therefore,  t.  =1.  This  implies  that  the  weight 
UU  •10  2c  22c 

of  v(0,l,Bix)  is  not  equal  to  2m  if  and  only  ifB+6  +B  +  ...  + 
-m-c  ji2  ji22c  ji222c 

B  =  1.  From  (42)  ,  0(j)  ^  -1,  if  and  only  if  a  +  a  +  a  + 

ji22m‘C  2i2  2m-2  _L  . 2m” 1  i2 

. . .  +  a  *  1.  Since  a  -a  =  a  and  a  -  a  ,  we  have 


Theorem  6. 
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Theorem  6: 


e.  * 

j 


1  If  and  only  if 


+ 


+  a 


■J2 


2c 


+  a 


-j2 


m-c 


*  1 . 

*2 

Now  consider  the  case  of  c  =  1.  By  definition,  v(0,0,l;a  )  *  1. 
Therefore, 


-2^ 

v(0,0,l;a  )  =  1  (0  <  i  <  m)  . 

-2£ 

On  the  other  hand,  for  any  a**  (0  <  i  <  m)  , 

v(0 ,0, l;a^)  =  0  . 

By  the  formula  due  to  Reed  and  Solomon  [7], 

2m-2 

v  =  2  v(0,0,l;aJ)flfJ 

J-0 

f  2f  22f  2m”^f 

=  a  +  a  +  a  +  . . .  +  a 


Hence,  by  Theorem  6 

0.  *  v 

J  22m- 1- j  . 

This  implies  the  following  corollary. 

Corollary  7:  If  (m,h)  ■  (m,2h)  =  1,  then  the  correlation  sequence  of 
the  maximum  length  sequence  generated  by  h^(X)  and  the  one  generated  by 
h2(X)  is  the  maximum  length  sequence  generated  by  g2(X)  *  x'^CX*  *)  . 

R.  Gold  and  E.  Kopitzka  [8]  observed  that  for  some  pairs  of  maximum 
length  sequences  the  correlation  sequences  are  also  maximum  length  sequences 
and  they  listed  all  such  pairs  of  sequences  of  length  8191  or  less.  Among 
28  listed  pairs,  25  cases  are  covered  by  Corollary  7. 


23 


Acknowledgment 

The  author  is  grateful  to  Professors  W.  W.  Peterson,  R.  T.  Chien  and 
J.  S.  Lin  for  many  valuable  suggestions  and  to  Professors  M.  E.  Van  Valkenburg 
and  H.  Ozaki  for  their  support. 


References 

1.  Peterson,  W.  W. ,  "On  the  Weight  Structure  and  Symmetry  of  BCH  Codes,” 
Report  of  University  of  Hawaii,  Contract  No.  API 9 (628) -4379 ,  No.  1, 
(July,  1965) . 

2.  Kasami,  T.,  "Some  Invariant  Properties  of  BCH  Codes  and  RM  Codes," 
Seminar  Note  of  CSL,  University  of  Illinois,  (March,  1966).  A  full 
paper  is  being  prepared  jointly  with  W.  W.  Peterson  and  S.  J.  Lin. 

3.  Pless,  V.,  "Power  Moment  Identities  on  Weight  Distributions  in  Error 
Correcting  Codes,"  Information  and  Control,  6,  147-152  (1963). 

4.  Peterson,  W.  W. ,  Error  Correcting  Codes,  Wiley,  New  York  (1961). 

5.  Mattson,  H.  F.  and  Solomon,  G. ,  "A  New  Treatment  of  Bose-Chaudhuri 
Codes,"  J.  Soc.  Indust.  Appl.  Math.,  9,  No.  4,  (December,  1961). 

6.  Reed,  I.  S.  and  Solomon,  G. ,  "Decoding  Procedure  for  a  Polynomial  Code." 
Group  Report  47,24,  Lincoln  Laboratory,  (1959). 

7.  Albert,  A.  A.,  Fundamental  Concepts  of  Higher  Algebra,  The  University 
of  Chicago  Press,  (1956) . 

8.  Gold,  R.  and  Kopitzka,  E. ,  "Study  of  Correlation  Properties  of  Binary 
Sequences  Vol.  1  ~  5,"  Reports  of  Magnovon  Research  Laboratories, 
(August,  196:*). 


Security  Clarification 


DOCUMENT  CONTROL  DATA  R&D 

(Security  clasaif  ication  of  titia.body  of  abstract  and  mddning  annotation  mutt  nodotorag  whan  tba  ovaraH,  raport  it  clatufia  d  ? _ 

1.  ORIGINATING  ACTIVITY  (Corporate  author)  |  2.  RerORT  f'CuRiTv  classification 

University  of  Illinois  Unclassified 

Coordinated  Science  Laboratory  ‘aT'SSSup 

Urbana,  Illinois  61801 

__________  -  _____  ,  ~ 

WEIGHT  DISTRIBUTION  FORMULA  FOR  SOME  CLASS  OF  CYCLIC  CODES 


4  DESCRIPTIVE  NOTES  ( Typ«  of  report  end  inclusive  dates) 


I  5.  AUTHOR (S)  ( Last  nama,  first  name,  initial  ) 


Kasami,  Tadao 


6.  REPORT  DATE 


Xpril,  1966 


8a.  CONTRACT  OR  GRANT  NO. 


DA  28  043  AMC  00073(E) 
b.  project  no.  20014501B3  IF 


7j  TOTAL  NO,  OF  PAGES 


R-285 


<=  Also  National  Science  Foundation  |  9b.  OTHER  REPORT  NO(S)  (Arty  other  numMri  thtlmiy  ba  a»a»fl"edthi«  raportl 

Grant  NSF  GK-690 

d 

lO  AVAILABILITY/ LIMITATION  NOTICES 

Distribution  of  this  report  is  unlimited. 


111.  supplementary  notes 


1 13  ABSTRACT 


12  SPONSORING  MILITARY  ACTIVITY 

Joint  Services  Electronics  Program 
thru  U  S.  Army  Electronics  Command 
Ft.  Monmouth,  New  Jersey  07703 


Let  h  (X)  and  h  (X)  be  different  irreducible  polynomials  such  that 

•2h-l  -1 

h^(Q'  1=0  for  some  h(0  <  h  <  m)  and  h^Qr  )  =  0,  a  being  a  primitive 

element  of  GF(2m)  This  paper  presents  the  weight  distribution  formula 

of  the  code  of  length  2m-l  generated  by  (X  •  1) / ( h ^ (X )h 2 (X > )  for  any 

m  and  h .  Some  applications  to  the  cross -corre lat ion  problem  between  two 

different  maximum  length  sequences  are  presented. 
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